TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 349, Number 7, July 1997, Pages 2663-2685
S 0002-9947(97)01957-0

VERMA TYPE MODULES OF LEVEL ZERO
FOR AFFINE LIE ALGEBRAS

VIATCHESLAV FUTORNY

ABSTRACT. We study the structure of Verma type modules of level zero in-
duced from non-standard Borel subalgebras of an affine Kac-Moody algebra.
For such modules in “general position” we describe the unique irreducible quo-
tients, construct a BGG type resolution and prove the BGG duality in certain
categories. All results are extended to generalized Verma type modules of zero
level.

INTRODUCTION

One of the significant differences between finite-dimensional and affine Kac-
Moody algebras is the existence of root system partitions which are not “equiv-
alent” to the standard partition into positive and negative roots. All W x {£1}-
inequivalent partitions for affine root systems (W is the Weyl group) were classified
in [10], [11] and in [5], [6]. There exist only a finite number of them (always more
than one) and each such partition, labeled by some finite set of integers X, defines
a non-standard Borel subalgebra Bx of the affine Lie algebra & and a Verma type
module Mx(\) induced from Bx. Verma type modules were introduced in [10]
and [6]. The main difference between the classical Verma modules [12] and the
modules induced from the non-standard Borel subalgebras is that the latter always
have both finite and infinite-dimensional weight spaces. Verma type modules of
a non-zero level, i.e. when the central element acts with a non-zero charge, were
extensively studied in [1] and [9]. In this case the structure of a module Mx(X)
is completely determined by its subspace M7()\) containing all finite-dimensional
weight subspaces of Mx()\). The subspace M7()\) has a module structure for
a certain infinite-dimensional Lie subalgebra &/ with a triangular decomposition
[13], and, when the central element acts with a non-zero charge, any submodule
N C Mx()) can be recovered from N¥ = NﬁM)f( (M\). This leads to the equivalence
between a certain category O3 of &-modules and a certain category of &7 -modules,
which implies the BGG duality in 95 and a BGG type resolution for My (X) [2].
These results were extended in [3] for the generalized Verma type modules of a
non-zero level induced from a non-standard parabolic subalgebra.

Received by the editors March 27, 1995.

1991 Mathematics Subject Classification. Primary 17B67.

Key words and phrases. Affine Lie algebra, Verma type module, generalized Verma type mod-
ule, BGG duality.

This work was done during the author’s visit at the Department of Mathematics, Queen’s
University, whose generous support is greatly appreciated.

©1997 American Mathematical Society

2663



2664 VIATCHESLAV FUTORNY

In the present paper we study the Verma type modules on which the central
element acts with a zero charge. When X = () such modules were considered in [10],
[11], [6] and [7]. The case of a zero level is apriori more difficult than that of a non-
zero level since the module Mx (A) may have subquotients that are not the quotients
of Verma type modules [7]. Nevertheless, a similar approach can be developed for A
in “general position”. In particular, we describe the submodules and the irreducible
quotients Lx (M) of Mx(\) when X is in “general position”. The equivalence of
suitable categories for “general position” then leads to the BGG duality in a certain
category Ox () and to the construction of a strong BGG resolution for Lx (o),
X connected, A\ trivial. All results are extended for generalized Verma modules of
zero level induced from a non-standard parabolic subalgebra.

Now we briefly describe the structure of the paper. In section 2 we recall the con-
struction and the basic properties of Verma type modules and generalized Verma
type modules. In section 3 we establish an important technical result (Proposi-
tion 3.2) and discuss the properties of the imaginary Verma modules My(\).

Since the central element of & acts trivially, the module Mx ()\) is reducible and
can be substituted by a certain quotient Mx (M\). The central result of section 4 is
Theorem 4.8, which establishes the criterion of irreducibility for modules My (N).
Section 5 is devoted to the study of modules Mx(\) under the assumption that
Mx (\) is irreducible. In section 6 we discuss the irreducible quotients of Mx (\)
(Theorem 6.1) in the particular case when M)f(()\) is an irreducible &/-module. We
lift that restriction in section 7 and describe the irreducible quotients of Mx())
for A in “general position” (Theorem 7.7). A strong BGG resolution for modules
Lx(X\p) with connected X and trivial Ag is constructed in section 8 (Theorem 8.2),
and the BGG duality in certain categories O x (A) of &-modules with A in “general
position” is established in section 9 (Theorem 9.6). The generalized Verma type
modules of level zero are discussed in section 10, and suitable categories O x s(A, q)
with the BGG duality in section 11. Some subcategories of Ox s(},q) with the
BGG duality are considered in section 12.

1. PRELIMINARIES

Let C denote the complex numbers, C* = C\ {0}, A = (a;5), 0 <1i,j <n, be a
generalized Cartan matrix of affine type and & = &(A) be the corresponding affine
Kac-Moody algebra of rank n+1 with a Cartan subalgebra $ and a one-dimensional
centre Z = Cc C §. Let also A = A™ U A" be the root system of &, where A™
is the set of real roots, A" = {ké|k € Z\ {0}} is the set of imaginary roots and §
is an indivisible imaginary root. We use [12] as our main reference for Kac-Moody
algebras. It follows from [5] that one can choose a basis mg = {ag, a1,... ,an} of A
such that 6 = 1" | k;ja;, where ko = 1 and either —ag+6 € A or £(—ag+6) € A.
Each o« € A defines a root subspace &,, and & = ) & ZaeA &,. Fix a basis X,
in each B4, a € A. Unless otherwise stated we will always refer to this fixed basis.

For e C 7o let QF be the semigroup in $* generated by +¢, Q. be the free abelian
group generated by €, A(e) = Q.NA, Ax(e) = QFNA. Set 7 = mo\{aw}, Q@ = Qry»
Q=0Qr A= A(r), Ay = Ay (m). A subset P C A is called a partition if P is
closed under addition (i.e. o, 8 € P,a+ € Aimplya+3€ P), PN—-P =10
and PU—-P = A.

Let I = {1,2,....,n}, X C I, ox = D cnx — Cienxkiag if X # 1
and ¢ = Y i, af, where af (o) = 6;;, 4,5 = 0,1,... ,n. Define P(X) = {a €

7
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Alpx(a) >0} U{a € Alpx(a) =0, ¢r(a) > 0}. It was shown in [10] and [5] that
any partition P is W x {£1}-equivalent to some P(X), where W is the Weyl group
of A.
We will fix X throughout the paper. Note that if X = I then P(X) = A4 (7).
Let (-,-) be the standard form on $* such that
2(041', aj)
(v, i)
f=Hanie Xy, o =n\a/, 7 ={acn|(ap) =0foral3cal} Qf =
Qnr + 28, AF =QfnA, AL = AfnAL, AL = AT n(£P(X)), Ax = A(R)N AL,
= AL\ A(x/ U7), and let QL (resp. Q) be the monoid generated by A%
(resp. £P(X)).
For a Lie subalgebra 2 C &, U(2) denotes the universal enveloping algebra of
A. Clearly, U(2l) is a @-graded algebra,

1) =Pum,
neQ

An element v € U() is called homogeneous if u € U(2),, for some n € Q. We will
identify & with its injective image in U(&). If y,y1,... ,ym € & we set

=ai, % j=0, ..., n,

[, y1, - ym] = Zyl Yie1 [y, Yilyie1 - Ym

and then define [y, u] for any u € U (Qﬁ) by linearity.

Forecm d=¢+n6ecQ,¢ecQ,neZand0#£uc U(®8), denote by ht.(¢)
the number of elements of +¢ in the decomposition of ¢, and let ht.(u) = ht.(¢),
lu| = n, || u||= |n|. We also set ht!(¢) = ht!(u) = htrs () and |uly = S0, |0y if
u is a monomial in U(&), u = X, 1n,6--- Xo,, tnns, Di € Q.

Define 8% = 3" .44, B € P(X). Then we have an X-analog of the Cartan
decomposition & = & & H & L. A subalgebra Bx = § & &7 is called a non-
standard Borel subalgebra.

For e C 7’ consider the subalgebras &..(€) = 3" &4, f € (QF + Z§) N A", and
let &(e) be a subalgebra of & generated by & (e). In particular, set &1 = &4 (7),
& = B(7). Also let &, = Y 6.p, f € P(X), ht'(3) # 0, &L (resp. &7) be
a subalgebra generated by AL N A" (resp. Af NA™) m* = Y64, 3 € AL,
m=m-©H®m+ and &' = 8/ +9. Clearly, [, /] = 0 and 8% = m* 08, 3B,
If the Coxeter-Dynkin subdiagram corresponding to X is connected, then &7 is the
derived algebra of an affine Lie algebra of rank | X |+1 with a root system Af. If X is
not connected then Af does not have a basis consisting of real roots. Nevertheless,
&/ (resp. m) is a Lie algebra with a triangular decomposition [13] with respect to
Q (cf. [2], Remark 1.4) and it satisfies the conditions (T1) and (T2) of [14]. Let
X =U~, X;, and let the diagrams corresponding to each X; be connected. Then

@f—ZQﬁ [, 611 =0,i+j, ﬁ@{:
=1

and QS{ is the derived algebra of an affine Lie algebra of rank |X;| + 1 for each 1.
Let

Gizz®ik5a kEZ_;,_\{O}, G=G_oZdG4,
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G={geG_ oG |[9,6]=0}, G+ =GNGy.

Then G = (GN&) @G (cf. [6]), m =&/ &G, m* = Qﬁi @® G+. Also consider the
subalgebras uf = Y815, 8 € P(X)\ A/, and px = u} @ m.
Let 2 be a Lie subalgebra of & and $) C 2. An 2-module V is called weight if

V=@V Va={veV|hv=2Ah foral henH}.
AEH*
Set P(V)={X € H* | V\ #0}. For A, uef)*,wesayug)\if)\—ule_.

Let Q be a subcategory of weight 2-modules with irreducible objects {L¢, t € T'}
indexed by a certain subset T'C $*. An 2-module V € Q has a local composition
series [4] if for any p € P(V) there exist a sequence V.=V, D ... D Vp = 0 of
modules in  and a subset J C {1,2,...,n} such that

1. If 7 € J, then ‘/’i/‘/’i—l = Ltia tl — ) e Q+.

2. Ifi ¢ J, then (V;/Vi_1), =0forallv e p+ Q4.

We will denote by [V : L;] the multiplicity of L; in V, i.e. the number of i’s in
J such that t = ¢;.

2. VERMA AND GENERALIZED VERMA TYPE MODULES

Let A € $*, and let Cvy, be the 1-dimensional Bx-module, where (’5}1))\ =0 and

hvy = A(h)vy for all h € . Consider a &-module
Mx(\) = U(8) @u(Bx) Coa

associated with X and A. This module is called a Verma type module of level A(c)
[8], [9]. It is a weight module, and when X = I the module Mx () is a usual Verma
module [12]. In this case all weight subspaces are finite-dimensional. If X C I, then
Mx (M) possesses both finite and infinite-dimensional weight spaces, u € P(Mx (X))
if and only if A — p € Q4, 0 < dim Mx(\), < oo if and only if 4 < A. It has a
unique maximal submodule, and we will denote by Lx(\) the unique irreducible
quotient [6]. It follows from the construction that Mx (\) is a free U(& 5 )-module.

From now on we will assume that X # I. Set M/(\) = 3,y Mx(\), and
LI\ = > u<x Lx (A Both M7()\) and L7()\) are m-modules, and Lf()) is the
unique irreducible quotient of MY (\). It follows from the construction of Mx(\)
that M/()\) is the Verma m-module with highest weight A with respect to the
triangular decomposition m = m~ @ $ & m™ [13], and in particular it is m~ —free.
We can also view the modules M/ (\) and Lf()\) as px-modules with the trivial
action of u%.

When A(c) # 0, the structure of My (\) is completely determined by MY ()),

and the irreducible quotients of Verma type modules in this case were described in
[1] and [9].

Theorem 2.1 ([1], [9]). Let X € $*, A(c) #0. Then
Lx(\) 2 U(®) @upy) LT (V)

Suppose that X # @ andlet S C 7/, N& = 3" 614, 0 € QF, mg = Ng ®HONT,
uis = 2(8xa N ®f)77a € Ai\@;@ Px,s = mg GBU;QS, s = LNg,N;],
Tsg =uyg ®uy & Gy and Nx,s = mg @ T g = px,s ®uf & G4. Thus
mg is a finite-dimensional reductive Lie algebra, &f = Px,s ®uyg and @} =
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u} @ u}ys @ Ngr ® G . The subalgebra Nx, s is called a non-standard parabolic
subalgebra [3].

Let A € $* and Ag be the restriction of A to $)g. Suppose that Ag is dominant
integral and consider a finite-dimensional irreducible mg-module Vg (A) with highest
weight A (i.e. A+a & P(Vg(u)) for any o € S). We can view V() as Nx g-module
with a trivial action of T)‘; g and define the $-module

Mx s(A) = U(Qﬁ)@U(Nx,s)VS(/\)

associated with X, S and A. The module Mx s()) is called a generalized Verma
type module. 1If S = () then Mx g(\) is the Verma type module associated with
X and A. The properties of modules Mx g(A\) were discussed in [3]. Clearly,
Mx,s(]) is a weight module, Mx,s(\) ~ U(Tx 5)®cVs(A) and Lx () is the unique
irreducible quotient of Mx g(X). Also note that 0 < dim Mx s()), < oo if and only
if p € P(Mx,s(\)) and g < A. Consider the subspace M)fgs()\) =Y Mx,s(A),
dim Mx s(\), < oo, which is an m-module. We can also view M')f{)s()\) as a px-
module with trivial action of u.
Since Vs(A) is an Nx g-module, it is a px, s ® Gy-module where uy g and Gy
act trivially.
Proposition 2.2 ([3]). 1. M£7S(A) ~U(m) ®u(py sa6,
2. Lf(N\) is the unique irreducible quotient of M)f(ys(/\).
3. If AM(c) # 0, Ag is dominant integral and N C Mx g(\) is a submodule,
then N ~ U(®) @y (px)NY, where N/ = NN M};S(x\), and in particular,

Mx,s(A) = U(8) @upy) ME 5(V).

L Vs(\).

3. IMAGINARY VERMA MODULES

In this section we discuss the properties of the modules My(A). Such modules
were studied originally in [10], [11] and [7]. Following [7] we call them imaginary
Verma modules.

First we establish the following technical lemma and proposition which will be
used later.

Lemma 3.1. 1. If ¢ € A/, ht/(¢)) = 1 and ht/(¢)) # 0, then there exists
¢ € A such that ¢ —p € AL

2. If Y € Ay (resp. ¢ € AL) and ht(¢) # 1, then there exists ¢ € Ay such

that ht'(¢) = 1 (resp. ht(¢p) =1) and ¢ —p € A_.
3. Let g € A, ht!(¢) =0, n € Z and —¢ + né € A. Then there exists m € Z,
m +n # 0, such that ¢ +mé € A and

Tm,n = [6¢+m57 ®—¢+TL5] ¢ G
4. Let pp e AL, ¢ £, neZ, —hp+nde A and ¢ —1p € A_. Then there
exists m € Zy such that $ +mé € A and ¢ — ¥+ (n £ m)d € A.
5. Ifecn, ¢ Ce " Ceé, v eA_(e)\A_(€) and hte(¢) # 0, then there
exists ¢ € Ay with hter (@) =1 and ¢+ € A_(e) \ A_(€).

Proof. Statements (1), (2) and (5) are obvious. Let ¢ € A/, and n € Z as in
(3). Since ¢ € A and htf(¢) = 0, there exists 3 € =/ such that §+ ¢ € A’ and
B — ¢ & A’. Suppose first that & is a non-twisted affine Lie algebra. In this case,
for any m € Z, m+n # 0, [&5,Tyn.n] # 0, which implies that T},.,, ¢ G. Now
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let & be a twisted affine Lie algebra and & # Df). If n is even then for any even
m, 65, Tnn] # 0 and Ty, ¢ G. Assume that n is odd. If 3+ 6 € A then
for any m € Z, m+n # 0, [Gg1s, Trm,n] # 0, implying that [&g,T,,,] # 0 and
Tm’n ¢ é Let ﬂ + 06 5{ A. Since [@5, [(’5¢+m5,®§“ = ®ﬁ+¢>+(m+1)5 7é 0 for any
odd m, we conclude that S+ ¥ + md € A and thus for any odd m, m +n # 0,
(65, Trm.n] # 0 and Ty, ¢ G. Suppose now that & = Df). If n = 0(mod 3)
then [®g, Ty,.n] # 0 for any m = 0(mod 3), m +n # 0, and hence T}, ., ¢ G. Let
n = 1(mod 3). Then ¢ + mé € A for any m = 2(mod 3). If 8+ 6 € A then
[B 515, Tyn.n] # 0 for any m = 2(mod 3). Hence [&g, Tm.n] # 0 and Ty, ¢ G. Let
B+ 6¢ A. Then 0 # [&3, [Bsrms, Bs]] = [Ba+pt+ms, Bs] and B+ ¢ +mé € A for
any m = 2(mod 3). Hence, [63,Tpn,] # 0 and Ty, ¢ G for any m = 2(mod3).
The case when n = 2(mod 3) can be treated similarly. This completes the proof of
(3). The proof of (4) is analogous to the proof of (3). |

For e C 7’ and p € 9% set e(u) = {8 € ¢ | (B,u) = 0}, (e, pu) = 3 By,
¢ € (QF +Z6) N A", hto () () # 0.
Proposition 3.2. Let V be a weight -module, n € $H*, p(c) =0, 0 # vy € V.,
Gnsvo =0 for alln >ng>0,e Cn', & (e)vg=0, N =U(S_(¢))vg, and let V be
free as B_(¢, p)-module. Then the following statements are equivalent:

1. vo € U(&(€))v for any non-zero v € N.

2. B € e(u) implies &_gvg = 0.

Proof. Let N = U(®(¢))v. Suppose that 8 € () but &_gvp # 0. Since &, (¢)vy =
0, &4 (6)&_,5v0 = 0 for any n € Z \ {0} and (i, 8) = 0, we immediately conclude
that U(&(€))&_gvo F vo and hence (1) implies (2).

Assume now that &_gvg = 0 for all 8 € e(u). If €(u) = € then N ~ Cuvp and
the statement (1) is trivial. Let e(u) # € and v an arbitrary non-zero element of
N. Then v = uvg, u € U(&_(¢)), and we may assume that u is homogeneous. We
divide the proof of statement (1) into several steps.

Step 1. Suppose that ht.,y(u) = d > 0. Using the fact that N is free over
&_(e, ) and the PBW Theorem, we can write u as a linear combination of the
monomials

; Ls(iyi
5’11’;4‘7117:5 ¢s((i))i+ns(i)i5ui7

where u; € U(Q5_(€,/L)), hte(ﬂ)(ui) =0, hts\e(u)(¢ij) 75 0, ¢ij S A_(G) or %¢ij S
A_(e) (the latter is possible only if & = AS), 0 < hto()(Ss(iyi) < - - < Pleq) (611)
for all ¢ and £, ni; € Z, £;; > 0. We can also assume that ht.(,)(¢s1)1) <
hte(uy(bsiyi) for all i, and if ¢y1y1 + ns1)16 = Gij + n4ij6 then i = s(j). Suppose
that ¢41)1 € A_(e). Then applying Lemma 3.1, (5) we can find an element ¢ € Ay
for which ht.(,)(¢) = 1 and ¢ + ¢51)1 € A_(¢). Also by Lemma 3.1, (4) one can
choose n € Z, such that n > |u|y, ¢ +nd € A and ¢ + dg1)1 + (ns(1)1 +n)d € A.
Since [y,u;] = 0 for y € Syins \ {0} and for all 4, the chosen ordering and n
guarantee that [y, u] contains a monomial

l11 Lsy1—1
X¢11+n115 cee ¢S(1)1+ns(1)15X¢+¢3(1)1+(ns(1)1+n)6ul

and thus [y, u] # 0. We conclude that yv = yuve = [y, ulve # 0 and ht.(,([y,u]) =
d—1.If %(]55(1)1 S A_(E) then

X 14,00 =[X 14,4, ulvo # 0 and bt ([X_14 ), ul) <d.
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By induction on d we find an element z € & (¢) such that zv € N and ht(,(zv) =
0.
We will assume that

_ vl Ls(iyi
(31) u= Z ClX¢1i+n1i5 T X¢3('i)'i+ns(7i)7167
7

where Y1) ¢j; = 0 € Q7 for all i and ht.(,(¢:;) = 0 for all 7, j.

Step 2. Suppose that v € Y, ¢; X3, 4n1,6 - - - XBotnpis: —0i €€\e(u), i =1,...k,
G1+ ...+ Bk =m, 0i # ﬂj ifi# j. If ng =0 then 0 # X _8-n16- X By—ng 6V €
N is proportional to v since u([X_g, —nis, Xpgitnns)) # 0 for all i = 1,... k.
Now let ng > 0. We may also assume that ng; < ng; for all i. Denote y; =
Xpy1mi6 -+ Xy 4np_p6- Then X_g, . sv € N is proportional to

/ ’
wy = E CiyYivo + E ¢YiXevo + ... + E ¢;Yi Xp, 500,
Mg =N PNk =ng1+1 ©Ng; =nk1+p1

where p; < ng. Note that
—ﬁk + (p1 — nk1)5 € A and X—ﬁk+(p1—nk1)5v c N
is proportional to

wy =Y cyiXpsvo
VN =N
+ Z C/i/in(pl-i-l)&'UO +...+ Z C/i/in(m-‘rpz)&UOa
N =Nk1+1 N =N g1 +P2
where p; + p2 < ng. Continuing this process we find s > 0 for which 0 # ws11 =

Zi:nki:nkl CiYiX (pr+..p)sV0 € N and hence X, 4. 1p.)sv0 € N by induction on
k, implying that >-, _ .
on ps, and s we conclude that >
completes the proof.

Step 3. Let & # Agi), u € U(B_(€))28+ms, —0 € €\ (). Then u can be written
in the form

(3.2) u="Y arnXp ks Xpins,
k,n

Y X (py+.. 4p.)sV0 € N. Combining the inductions

imps=ny, CiliV0 € N, and then induction on k

where ag, € C*, k4+n =m, k > n, and the basis of & is chosen in such a way that
[(Xp+ps, Xgsl = 2X 4 (prg)ss 0,4 € Z, ¢ # 0, [X—pyps, Xpras] = Xpro)s P4 € Z,
p+ q # 0. We will assume that there are at least two terms in (3.2); otherwise
Step 3 can be easily reduced to Step 2. If p > ng — m and —f3 + pé € A, then
X_ppsv = X_pipsuvo = —2(3_; , akn) X1 (p4mysvo and thus we can apply Step
21if X_g4psv # 0. Suppose that X_g4psv = 0. Since N is free as &_ (e, u)-module,
we conclude that Ekn agn, = 0. Let i be the minimal number among all n’s in
agn, and let ng = 0. Since (p, 8) # 0, it implies that X_z_zsv is proportional to
Xp4(m—-n)svo and hence we can apply Step 2. Suppose now that ng > 0. Since
m —n > 7, an element of type

X_g—(m—n)s X —p—ns¥
is proportional to

w1 = Vo + bllX—n115Xn11§UO +...+ bk(l)1X—’I’Lk(1)1§X’I’Lk(1)1§UO € N7
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where b1 € C*, 0 < ny1 < nip11 < ng and Xy, 500 ZO0foralli=1,...,k(1). Since
B+ (ngy +n)d € A, it implies that
=B+ (ngay —n)d € A and X g (m-m)s X B+ (npay —n)sY
is proportional to
Wz = Xy 11600 + 012X 1126 X 12600 + - -« + Diy2 Xy 2136 Xnpap600 € N,

where bz € C*, ny1y1 < ni2 < nip12 < ng and Xp,,6v0 # 0 for all i = 1,... , ko.
Continuing this procedure we find s > 0 for which

07511)5+1:X

Nk(s)s

sv0 € N,w; — b(s)s X - sWst1 € N,

Nk(s)s

and we conclude by induction that

Xnk(571)5715’l}0 S N, e 7Xnk(1)15U0 S N,

and vy € N, which completes the proof.
Step 4. Let & = Aéi), u € U(B_(€))28+ms, —0 € €\ €(p). Then

(3.3) u = amXogims + Y @knXp k6 Xp1ns,
k,n

where there are at least two terms in (3.3)

[Xp+ms, Xoks] = 2X 54 (mr2r)s;
[Xﬁ+m67 X(2k+1)6] = 6X5+(m+2k+1)67
[X—g+mss Xp+ps] = X(mp)ss
[X—B+2mEa X25+(2£+1)5] = Xﬁ+(2m+2£+1)57

[(X_si@m+1)s Xogreerns]l = —Xpio@4mens, Pk, m, L€ Z, k#0, m+p#0;
agn € C*, ay, € C and a,, = 0 if m is even. Let p € Z and 2p > ng — m. Then
X_ﬁ+2p5’l) = (am -2 Zk—even Akn — 6 Zk—odd akn)Xﬁ+(m+2P)5UO and

X _g1(2p+1)6V = (@ — 6 Z g — 2 Z akn) X 54 (m+2p+1)500-
k—even k—odd

If X_pyopsv # 0 or X_gi(2p41)sv # 0 we can apply Step 2; otherwise

A, — 2 Z Ak — 6 Z Afn, = Ay, + 6 Z Akn + 2 Z apn =0

k—even k—odd k—even k—odd

and one can show following the procedure in Step 3 that vy € N.

Step 5. Suppose that n = 261 + ... +208,, —0; € e\ e(n), i = 1,...,n, and
for each ¢;; in (1) either ht.(¢;;) = 1 or ht.(¢i;) = 2 and 3¢;; € e. The proof of
statement (1) in this case follows from Steps 3 and 4 using induction on n.

Step 6. Suppose that in (3.1) there exist ¢ and j for which ht.(¢;;) > 2 and
$¢ji € € or there exists B € —(e \ €(n)) such that n — 38 € Q. Using Lemma 3.1,
(2) and (4) one can find an element y € U(B4(¢)) such that yv = yuvg = u'vg
where v’ € U(&_(¢)) and it has the same form as in Step 5. We leave the details
to the reader. This completes the proof of the proposition. O
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Now assume that X = ) and consider the properties of the modules My(\). One
can easily see that 0 < dim My(\), < oo if and only if u = A — ké, k € Z4, which
together with Theorem 2.1 implies that My (\) is irreducible if and only if A(c) # 0
10], (7]

Suppose that A(c) = 0 and denote 7(\) = {f € 7| (\,5) =0}. Let 0 £ v €
My(N). Then N = U(8)(S_(n(\)) @G- )v is a proper submodule of My(X), and we
consider the -module M'(\) = My(A\)/N. Clearly, Ly()) is the unique irreducible
quotient of M’()\). Moreover, we have the following result.

Corollary 3.3 (cf. [10], Proposition 6.2 and [7], Theorem 1, (ii)). The module
M'(N) is irreducible.

Proof. Follows immediately from Proposition 3.2 withng =0, e =mandp=X. O

Assume that 7(A\) = (). Then the maximal submodule of My(A) is generated by
My =Y7"  My(A)a—ns by Corollary 3.3. Moreover, any submodule M C Mgy(\)
is generated by M N M;. A more general statement (Lemma 5.1) will be proved
in section 5. Clearly, My(\) has a local composition series with all irreducible
subquotients isomorphic to M'(A — né), n € Zy, and [My(X\) : M'(\ — nb)] does
not depend on the choice of a local composition series for any n € Z.
Proposition 3.4 ([7], Theorem 2). Let A € $*, A(¢) = 0 and 7(A\) = 0. Then
Home (Mg (1), Mp(X)) # 0 if and only if p = A—nb for some n € Z,, and moreover
dim Home (Mg (A — nd), My(N)) = [Mg(A) : M'(A — nd)] = dim My(A) x—ns-
Remark 3.5. If A € 9*, A(c) = 0 and w(\) = 7, then Ly(\) is the trivial one-
dimensional module and the maximal submodule of My()) has irreducible subquo-
tients which are not of type Lg(p) [7].

4. VERMA TYPE MODULES OF ZERO LEVEL

From now on we assume that X # I U (). In this section we begin a study of
Verma type modules My (A) with A(¢) = 0. Consider a subspace M = U(G_)G_v,
of MX ()\)

Lemma 4.1. U(®)M is a proper submodule of M()).

Proof. If U(8)M = Mx(\) then, by the PBW Theorem, vy = >, u; uf X;vy,
where u; € U(&%), uf € U®L)8%, X; € U(G_)G_. But [6%,G] C 6% & Z.
Thus vy =3, ui_Xiuva +>u; [u:r, X;]vx = 0, and this contradiction completes
the proof. O

Let v : U(®) — U(®)/U(6)8% be the natural map. We will identify the
elements of U(®) with their images under v. Also consider the natural map
7:U(®) — U(®)/U)(S% ® G_) and the following decomposition of U(&%) :
U(®y) ~ U(B) @c U(m™) @c U(B_). Then #(U(&%)) = U(B%)/U(&5)G_ =~
U6 ) @c UG ) @cU(B_).

Denote M(\) = Mx(\)/U(S)M. Then M()\) ~ U(&" ) &¢c U(S)) @c U(G_)
as a vector space. Let MS(\) = 32 M(\),,dim M()\), < oo. Clearly, M(\) ~
MT(\)/U(&f)M, and hence it is a Verma &/-module with highest weight A with
respect to the triangular decomposition &/ = o a9 e (’5{; [13]. In particular,
Mf(\) ~ U(687) as a vector space. Consider the natural map 7 : Mx(X) — M()\)
and let vy = 7(vy).
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Lemma 4.2. Let 0 # vg € Mf(\),,,p € H*. A &-module V = U(&)vy is irre-
ducible if and only if (u, ) # 0 for all B € 7.

Proof. Since &,vg = Gy = 0, then V is isomorphic to U(é_) as a vector space,
and the lemma follows from Proposition 3.2 if we let ¢ = 7 and ng = 0. O

Lemma 4.3. Let 0 # v € U(&Y), u homogeneous, and ht'(u) > 1. Then there
exist p € AL, n € Zy and y € By_pns such that U(yu) # 0 and ht'(0(yu)) # 0.

Proof. Using the PBW Theorem we can write

_ L1y, Ls(kyk
u= Z X_¢1k+n1k5 T X_¢s(k)k+ns(k)k5uk’
k

where ht'(¢ir) # 0 for all 4,k, —¢ir + kb # —@ji + nyid if ¢ # j for all k; ng,
Ui, € Z, Ly > 0, and uy, € U(6) @ _). By the assumption, 3, ht' (i) = ht' (u)
for each k. Consider a subset 2 C {¢;} consisting of all ¢ such that ht'(¢) =
min; g ht'(¢ix). We may assume that ¢y € Q, ht'(¢11) > ... > ht'(dgyi) for all
k, and that —¢g(1)1 + ng1)10 = —¢i + nixd implies i = s(k). If ¢41)1 € A then
by Lemma 3.1, (2) there exists ¢ € A’, such that ht'(¢) = 1 and ¢ — ¢41)1 € A_.
By Lemma 3.1, (4), we can choose sufficiently large n € Z, for which ¢ — ¢,1)1 +
(ns(y1 —n)d € =P(X), n > |ng| for all i,k and n > |ug|4 for all k. For 0 # y €
G4 _ns it follows that D(yX_¢_ ), +n.0)8) 7 0, D(yu) # 0 and ht'(D(yu)) # 0. If
%%(1)1 € A then ﬂ(X%%(mu) # 0, which completes the proof. |

Lemma 4.4. Letp € AL, ht'(¢)) =1, n € Z and 0 # X_y1ns € _ytns. Then
there exists y € U(®) such that 0 # D(yX_yins) € Ue!).

Proof. If htf (1)) = 0 then the statement follows from Lemma 3.1, (3). Let ht/ (1) #
0. By Lemma 3.1, (1) and (4) there exist ¢ € A/, for which ¢ —4 € Al andteZ,
such that ¢ — ¢ + (n —t)6 € —P(X) and ¢ —t6 € A. Then for 0 # y € By_,ns We
have 0 # D(yX_y4ns) € U(67), and the lemma follows. |

Proposition 4.5. Let 0 # u € U(®% ), u homogeneous, ht'(u) # 0 and v(u) # 0.
Then there exists y € U(®) such that 0 # o(yu) € U(&') @c U(B_).

Proof. Let u= )", Xﬁ;lkﬂnk& .. .stéi)(z)k+ns(k)k5uk + ug, where ht'(¢s) # 0 for
all i,k, ¢ are orglered as in the proof of Lemma 4.3, l;x, nyg € Z, biy, > 0,
u, € U(S7)@cU(G_) and ug € U(S)G_. Suppose that ht'(u) = 32, ht' (di) = r.

Using Lemmas 4.3 and 4.4 and induction on r, we can choose 91, ... ,4, € A, and
sufficiently large t1,... , ¢, such that 0 # o(y,...y1u) € U(&') @c U(B_), where
O#yi€®wi_ti§,i=1,...77‘. O

Remark 4.6. Proposition 4.5 is also valid in the case when the element u is not
homogeneous, i.e., u = ). cju; where u; € U(&y)y,, 7 € Q and n; # n; if i # j.

Proposition 4.7. Let 0 # v € M(\),, p € 9*, and (\,a) # 0 for all a € 7. Then
there exists y € U(®) such that 0 # yv € M/ (N).

Proof. Let v = u0y where u € U(®y),—x. By Proposition 4.5 there exists y' €
U(®) such that 0 # #(y'u) € U(S7 )@U(G_) and thus y/'v = y'uty = o(y'u)dy # 0.
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Using the PBW Theorem we can write o(y'u) = >, u,gl)u,g ) where u,(:) ceU(e’)

(2)

and u, ’ are the monomials in U (@5_) Let

( ) = Xﬁ’;lk-i-nlkﬁ fsd(ﬁl;)(kk)k-i-ns(k)kts’

where ¢;1, € Q ,Nij, Lij € Z,€;; > 0. Among all monomials u(2) consider those With
smallest |uk )| and denote them by u( ). Thus v(y'u) =", u(l) a2 + +>,u (1)
Note that ht(i (2)) ht(u (2)) for all n, t and @) € U(&_), for a single n € Q
for all n. By Lemma 4 2 there exists z € U(®)_, such that z(3, ﬂn2))€)>\ 6 (C*f})\
and hence 0 # 2(3_, ult 2))1),\ € Mf()). Since 2y = 0 and v(2(3, gl) Uy )) €

U(G4)G+, this implies that 0 # zy'v = zy'udy = 20(y'u)iy = z(znu (2))1) €
Mf()\). We complete the proof by setting y = zy/. |

_ Now we are in a position to prove the criterion of irreducibility for modules
M(N).

Theorem 4.8. Let A(¢) = 0. The module M(\) is irreducible if and only if the
following two conditions hold:

1. M7(X\) is an irreducible & -module.

2. (A, @) #0 for all o € 7.

Proof. Assume M()) is an irreducible &-module. If N7 is a proper &/-submodule
of M7(\) then U(&)N' is a proper &-submodule of M(\). Thus N/ = 0 and
M/ () is an irreducible &f-module. Suppose that (\,«) = 0 for some o € 7.
Since [Gpins, ®_o] C G for any n € Z \ {0} and [&,,B_,]0x = 0, we have
that U(®)®B_,0y is a proper G-submodule of M ()), which again contradicts the
irreducibility of M()).

Conversely, suppose that conditions (1) and (2) of the theorem are satisfied. Let
N be a non-zero &-submodule of M()\) and 0 # v € N. Then by Proposition 4.7
there exists y € U(®) such that 0 # yv € MF(\). Since M7()) is an irreducible
®/-module, yv generates M()\). Thus, N = M()) and M ()) is irreducible. O

5. STRUCTURE OF MODULES Mx (\) WHEN M () IS IRREDUCIBLE

Let A € ©§*, M(¢) = 0. In this section we will assume that M () is an irreducible
®-module, i.e. it satifies the conditions (1) and (2) of Theorem 4.8. If N is a
submodule of Mx (\) we will denote [N] = N N M.

Lemma 5.1. Suppose that M()) is an irreducible &-module. Then for every non-
zero submodule N of Mx(X), [N] #0 and N is generated by [N].

Proof. Let N be a non-zero proper submodule of Mx(\) and 0 # v € N. Then
v = uvy for some u € U(By). Using the PBW Theorem we can write u as the
following linear combination:

(5.1) u= Z akukl)u(2 uk3) )

keKy
where a; € C* and u,(f) are monomials such that ul(cl) e U(®L), ,(f) e U(e),
,(CB) e U(G_), u,(:l) € U(G_). We will also assume that u is homogeneous. If
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u,(:l) = 0 for at least one k € Ko, then #(u) # 0 and by Theorem 4.8 M(\) ~ 7(N)
where 7 : Mx(A\) — M()\). Thus vy € N and N = M, which contradicts our
assumption. Therefore we can assume that u,(f) # 0 for all k € K. Denote by £(u)
the number of different u,(f), k € Ko, in (5.1). Suppose that £(u) = 1. Then

o= (5 a2
ke Ky
Consider an element v’ = >, . aku,(:)ul(f)u,i € U(®. @6l ©&_). By The-
orem 4.8 there exists y € U(Qﬁf,c() such that yu'vy = v(yu')vy € C*vy, and hence
v(yu') € S($). Then we have yuvy = yu'u vy = uWv(yu' vy € C*uPvy, which
implies vy € [N] and v € U(®)[N]. We conclude that N = U(&)[N].

Suppose now that ¢(u) > 1. Applying the same procedure as in the proof of
Proposition 4.5 (see also Remark 4.6) we find an element y; € u(®) such that

yiwoy = (3, am ~(2)~(3)~(4)) # 0, where P e U, a & e U(6_), i) e

U(G_) and for each m there exists k € Ky such that @ ~(4) = u,(f). Note that
(X, amid @3 Yoy € ME(N).

Let u23 = &g)um) for all m and d = max,, ||uz;

w = Z dmﬂfl)&g = Z amu2 B4 Z amu2 3

mi|[uZ?||=d ms|[uZ||£d

23||. Consider the element

Since M ()) is irreducible by Theorem 4.8, there exists an element yo € U(&Y)
such that

ya( Z amu’ 3)v>\ € C*uy.

mef|ur’ || =d

Also, note that yQ(Zm:llu%ﬁll;&d amuz3 vy = 0. Thus yow € C*vy and

Yoyr1v = yayruvy = (Y betig)vy # 0,
el

where for each £ € £ there exists k € K such that Uy = u,(f) and @y, # Uy, if m # n.
We conclude that 0 # yay1v € N N M, and hence [N] # 0.
Suppose that b; # 0. Then we can write u in the form
u = ’&ﬂ:lt + Z '&Eaé + Z '&ku](:i)v
reg\{t} keK
where @, € U(&L @ 6_ @ &), iy ;éuk) for all ¢, k and ul} ;éu if m # n.
Then ¢(u) = |£] + |K|. Consider the element

1 ~ = ~ b ~ = ~
(=u— b—ut(z betig) = Z (g — b—eut)ue + Z uku,(f).
t 7 t

Le L\ {t} keK

Then vy = v — b—ltzltylev € N. If (vy = 0 we obtain that K = 0, 4, = g{iﬁt for

all € € &, u = iyl + Y pe oy oy =llelie = 30(Y ¢ o betie), and v = uvy € U(S)[N].
Lemma 5.1 is proved.

Suppose now that (vy # 0. Since £(¢) = |K|+ |2\ {t}| = €(u) — 1, we can apply
induction on £(u) and conclude that auy € [N], £ € £\ {t} and u,(:l)v)\ € [N],
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k € K. Hence u,(f)v,\ € [N] for all k € Ko. It implies that uvy € U(®)[N] and
N = U(®8)[N]. This completes the proof of the lemma. |

Let N C Mx (). It follows from Lemma 5.1 that N has a local composition series
with all irreducible quotients isomorphic to M (X — mé), m € Z,. Moreover the
number [N : M()\—m(?)] does not depend on the choice of a local composition series
for any m € Z,. The following statement is a generalization of Proposition 3.4.

Proposition 5.2. Suppose A € H*, \(c) =0, m € Z, and M()) is irreducible. If
N C Mx(\) and p € $*, then
1. M(X\ —mé) is an irreducible ®-module.
2. [N : M(\—mé)] = dim(M N Nx_pms).
3. Home (Mx (1), Mx (X)) # 0 if and only if uw = A —nd for some n > 0 and
dim Homg (Mx(/\ — 715), Mx()\)) = dlm(M N MX()\))\—né)-

Proof. Statement 1 follows from Theorem 4.8, while 2 and 3 follow from Proposi-
tion 5.2. 0

6. IRREDUCIBLE QUOTIENTS OF Mx(\) (CASE OF IRREDUCIBLE M/ ()))

Let A € %, A(c) = 0. By Theorem 4.8, if M7()) is an irreducible &f-module
and (A, a) # 0 for all a € 7, then Lx(\) ~ M(\) ~ U(&" ) @c U(G_) @c MI(\)
as vector spaces. In this section we consider the case when M7 ()) is an irreducible
®7-module and there exists at least one a € 7 such that (A, a) = 0, which implies
that M () is no longer irreducible.

Set A = &_(7(N\)), where

TN ={a € 7|\, a)=0},U=U(®") @ (U(&_)/U(G_)A),B=U(&)Adx

and M()\) = M(A)/B. Let o : U(®) — U @c U(BL) and 7 : M(\) — M()\)
be natural maps and 6y = 7(7). We will identify the elements of U with their

representatives in U(&" ) @ U(&_).
Theorem 6.1. Lx(\) ~ U ®c M/ ()\) as vector spaces.

Proof. One can easily see that B is a proper submodule of M()). But B ~ U ®¢
U)A @c MF(N), and thus M(X) ~ U @c M7 ()\) as vector spaces. We will show
that the ®-module M()) is irreducible. Let N € M()\) and 0 # v € N, v = udy,
where u € U(&") @ U(&L) @ (U(G_)/U(G_)A). If ht'(u) # 0, it follows from the
proof of Lemma 4.4 that there exists y € U(®) such that 0 # D(yu) € U(67) ¢
U(&-)/U(6-)2). i

Thus we can assume that ht'(u) = 0. If ht(u) # 0, then following the proof
of Proposition 4.7 we find an element y; € U(®) such that 0 # D(y,u) € U(&7).
Hence we may assume that u € U(&7) and v = uty € M/ (\). But Mf()) is an
irreducible &/ -module, which implies that N = M ()). The theorem is proved. [

Remark 6.2. Let o € 7 and (A, &) = 0. The structure of the module Mx () in this
case is quite mysterious. For example, Mx(A) has irreducible subquotients which
are not of type Lx(u) [7].
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7. IRREDUCIBLE QUOTIENTS OF Mx (\) (CASE OF REDUCIBLE M7 (X))

In this section we will assume that the &f-module M7 (A) is reducible. Thus
Lx ()) is the unique irreducible quotient of M(\) and L/ () is the unique irreducible
quotient of MS()).

Remark 7.1. One would expect that Lx(\) ~ U ® ng()\)7 but this is not always
the case. For example, if Lg(()\) = Cv and (\,8) = 0 for some 3 € 7', then
U(6)(G_3 @ v) is a proper submodule of U ® Cv and thus Lx () % U ® Co.

Conjecture 7.2. If A € $*, Ac) = 0 and dimLﬁf()\) > 1, then Lx(\) ~ U ®
L.
X
We will prove this conjecture for A in “general position”.

Definition 7.3. Let A € $*, A(¢) = 0. We will say that X is in general position if
(1, 8) #0 forall p € A+ Q.5 and any § € ' \ 7.

Example 7.4. Any A € $* such that A\(c) = 0 and 2((6)\65)) g7 forall pen \7is
in general position.

Let u € U®U(6') be a homogeneous element. We will say that  is represented
in a normal form if u = ZkeK ukug, where uy € U, u£ IS U((’ﬁf), ug are linearly
independent and uzf o4 (C*uf if i« # j. Obviously, if |[K| > 1 then u has many
different normal forms.

Using the PBW Theorem we can choose a basis in U(®7) consisting of the
monomials u®u(") where u® € U(G_)NU(®) and u) contains no elements
of U(G_). Thus any element u € U(®Y) can be written uniquely as a linear
combination of certain monomials u!®u!". Suppose that u € U((’ﬁf)n+m5, ul(-f) €

U(Qﬁi)m_kmig and n,m; € Q,m,m; € Z for all i. Then we set d(u) = max;|m;| and
d(u) = |m| — d(u). With each homogeneous element u € U @ U(®” ) represented in
anormal formu =37, _ . uku}; we will associate D(u) = maxgex d(uﬁ) and the set
Su)={ke K | d(u};) = D(u)}. Note that D(u) is independent of the choice of a
normal form and depends only of u. On the other hand the set S(u) is determined
by a given normal form.

Let 5 = 9N&(n'), G = GN&(x'). Consider the following decomposition of
U(B(r)): UB(F)) = U ©C) & (U(B()6 (') + G (+)U(B(r'))), and the
corresponding projection vy : U(B (")) — U(H' & G').

Proposition 7.5. Let A\, u € H*, A(¢) = 0 and \ is in general position, N C M()\),
0#uiy € Ny andu =3, p uku£ is a normal form of u such that htf(uy) = 0
for allk € K. Then uloy € N for all k€ K.

Proof. Denote v = uvy. Assume that uy € Unk and set pux = p—nk, Mk € Q, k € K.
Then (ug, ) # 0 for any 8 € ' and k € K, since A is in “general position”. We
will prove the statement by induction on |K|, D(u) and |S(u)| simultaneously.

Step 1. Let |K| = 1. Then u = v/uf, where v’ is a homogeneous element
of U and ht'/(u') = 0. Consider a U(&_(n'))-module V = U(&_(x'))ul vy with
G (r)ufvy = 0 and &_g(uly) = uw/&_goy = 0 for all B € 7(u). Obviously,
v € NNV, and it follows from Proposition 3.2 that ufiy € U(&(n'))v C N.
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Step 2. Suppose now that |[K| > 1 and D(u) = 0. Consider K = {k €
K | J(ui) < d(u}) for all j € K}. Let ko € K. Then by Step 1 there ex-
ists y € U(&(n’)) for which yukougom = akougofu, ak, € C*. Since u is ho-
mogeneous and ht/(uz) = 0 for all k, we have vo(yur) € U(H) @ U(G)o, k €
K\ {ko} and w(yur) € U(9) @c U(G)oGy, k € K\ K. As d(ul) = 0 for

all ¥ € K, we conclude that yukuim = akuiﬁ,\, ay € C, k € K \ {ko}, and

yukuim =0, ke K\ K. Hence yv = Y okek yukuim = Y kK uo(yuk)uiﬁ,\ =
S pei akulix. Suppose that 3, g apui = 0. Then u£0 = D ker\{ko} ﬁ%u{
and u = Y e (ko) upuf + Uko“£0 =D ke R\ {ko} (Uk + ;Tzuko)ui + 2 ker\R upu.
Applying induction on |K|, we conclude that uiﬁ,\ € N for all k € K\ {ko},
and thus uiﬁ,\ € N for all k € K. Suppose now that », z aku£ # 0. Then
yv # 0 and 0 # ak,v — Uk YV = (aget — Uk yu)Oy = w0y € N, where v/ =
Doke R\ {ko} (@ho Uk — gt ul + D okeK\R agourul, is represented in a normal form.
The induction on |K| implies that uiﬁ,\ € N for all k € K\ {ko}, and therefore
uliy € N forall k € K.

Step 3. Now let |K| > 1, D(u) > 0 and |S(u)|] = 1. Suppose that S(u) =
{ko} and consider an element y € U(&(n’)) as in Step 2. Let yukouiofu =
akouioﬁ,\, ag, € C*. Since |S(u)| = 1, we obtain yv = yudy = akouioﬁ,\ +
ZkeK\{ko} uo(yuk)uiﬁ,\ # 0 and N 3 ag,v — ug,yv = u'0y, where

u = Z g Ul — Z gy vo (yur)ul.

keK\{ko} keK\{ko}
If ni = Mk, then vo(yug) € S(H) ® U(G)o; otherwise
vyur) € 5(9) © (U(G)(G- & Gy)).

Since the uy, are linearly independent, this implies that 0 # «/'9) € N and D(u') <
D(u). Rewriting «’ in a normal form if necessary, we can apply induction on D(u).
Hence ul oy € N for all k € K\ {ko}, implying u] 5 € N for all k € K by induction
on |K].

Step 4. Suppose now that |[K| > 1, D(u) > 0 and |S(u)| > 1. Denote K =
{k € S(u)|J(u£) < c{(uf) for all j € S(u)}. Let ko € K. Note that p, = pg, for
all k € K. As in Step 2, consider an element y € U(&(x')) for which vo(yus,) €
S(®) @ U(G)o and yukouioﬁ,\ = akouioﬁ,\, ag, € C*. Then N 3 ap,v — up,yv =
(ZkeK\{kg} ako“ku£ - ZkeK\{kg} ukol/o(yuk)ui)ﬁ,\, vo(yur) € S(9) ® U(G)o if
Wk = iy, and vo(yug) € S(H) @ (U(G)(G+ @ G-)) otherwise. Clearly, ﬁ(yukui) =
apul + uly, ap € C, uj, € U(GL) for k € K\ {ko}, and D(yugul) = uj, € U(&T)
for k € K \ K, where d(u},) < D(u) for all k € K\ {ko}. Set u” = Doke R\ (ko) Who
d(u") < D(u). Thus ag,v — ug,yv = u'0x # 0, where

! "
u = g (agour — akuko)u£ + g akouku£ — upu”.
k€K \{ko} EEK\K

—

If u” ¢ (C*u£ for all k € K \ K, then v’ is represented in a normal form, |S(u')| <

u)| and induction on )| 1mplies u; vy S or a. S Of- y m uction
S d inducti S(u)| implies uf oy € N for all k € K\ {ko}. By inducti

on |K| we conclude that uim € N for all k € K. Suppose now that u” = auf
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for some j € K\ K and a € C*. Then v/ = Doke R\ {ko} (Qko Uk — akuko)u£ +

Y oker\& akoukui + (apyuj — auko)uf is the normal form of v’ and |S(u')| < |S(u)|.
k)

By induction on |S(u)| and |K| we conclude that ugfu € N for all k € K, which

completes the proof. O

Letu e UQU (Qﬁi ) be a homogeneous element. We will say that u is represented
in the reduced normal form u = )", uiu{ if u; = Ej ai;us; for each 4, where
ai; € C*, U;; are monomials in & and u;; = tge only if ¢ = k, j = £. Obviously, any
non-zero homogeneous element of U @ U (Qﬁ{ ) has a reduced normal form.

Lemma 7.6. Let u = ), wiul be the reduced normal form of u € U @ U(&1),
where ht! (u;) < d for all i. Then there exists y € &', such that i = v(yu) # 0 and
U has the reduced normal form 4 = Zj ﬁjﬂf, where ﬁf = u{ for at least one pair
of indezes (i,j) and ht! (i;) < d—1 for all j.

Proof. Let J = {i | ht/(u;) = d}. For simplicity we may assume that all u;
are monomials in U and u; = X ritnais - - .X_%(i),ﬁns(i)igug, where ht'(¢;;) # 0
for all i,j, 2. ht!(¢5) < d, 0 < ht! (dgyi < ... < bt (o) < ht!($1:) and
ht!(u}) = 0 for all i. We can also assume that u; are numerated in such a way
that 1 € J, ht!(¢51)1) < ht! (¢g)i) for any i € J, if ht! (1) = ht! (ds(iyi)
then ht/((bs(l)l) < ht/(¢s(i)i)a and —¢S(1)1 + ns(l)lé = —¢r; + ng;6 implies k =
s(i). Suppose that ¢41); € A. By Lemma 3.1, (5), there exists ¢» € A/, such
that ht/ () = 1 and ¢ — ¢g1)1 € A_. Then for large enough m € Z, and for
0 # y € Gyyms we have that [y, u/] = 0, D(yul) = 0, [y,u] € U, htf([y,u]) <
d—1fori € J and ht/([y,u;]) < d—2 for j & J. Also note that a monomial
= X—¢11+7’L115 . 'X—¢s(1)711+ns(1)7115[Xl/l-i-mtsﬂX—¢s(1)1+ns(1)15]ull # 0, and it will
appear in [y, u;] only for ¢ = 1. Hence, & = 0(yu) = v([y,u]) = Zz[y,ul]u{ £ 0,
and if @ = 37, ﬁjﬁjf is the reduced normal form then 4 contains z for some k
and @f = uf. If ¢y1)1 & A then $o,1y1 € A, #(X14 , u) # 0, and the same
arguments as above complete the proof. O

If N is a -submodule of M()), we set N/ = D s
Clearly, N7 is isomorphic to a &f-submodule of M ()).

N, 0 < dimN, < oco.

Theorem 7.7. Let A € $*, A\(c) =0 and X is in general position.

1. If N C M()\) then N ~ U @c N/ as vector spaces.

2. Lx(\) ~ U @c LT()\) as vector spaces.
Proof. Let 0 # v € N. Without loss of generality we can assume that v is a
weight vector. Then v = udy for some homogeneous element u € U ® U(@{ ).
Let u =), ulu{ be the reduced normal form of u and d = max; ht/(u;). Using

Lemma 7.6 we construct a sequence y1, ... ,yq € &', such that 4; = 0(y; ...y1u) =
Silyi - lywd - Jul #0, [y ynw] €T R (g fynw)] L)) < d =
j=1,...,d,and for each j, if 4; = ZkeKj ajkajf.k is the reduced normal form of 1,

then one can find a pair (k,¢) for which ﬁfk = ﬁ;—lE' Since yq...y1v = Uqv € N
and ht/ (iigr) = 0, we can apply Proposition 7.5 and conclude that @, oy € N
for all k € K. In particular, @/ ,05 € N for some £ € Ky_1. Thus dig_10x —
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G105 = Y pe s, oy la-1kGy_ 00 € N and i)y, 65 € N forall k € Kq_y
by induction on |K4_1|. We conclude by induction on d that u{fa € N for all i,
which completes the proof of (1). Since M(X\) ~ U @c M/ ()\) and Lx()\) is the
unique irreducible quotient of M()), the statement (2) follows immediately from
(1). O

Set A = G_(7(N)).
Corollary 7.8. Let A € $*, A(c) = 0 and assume X is in general position.

1. If N C M()\) then N ~ (U(8)/U(&)) Qu(px) N, where u} acts trivially
on N.
2. Lx(\) = (U(8)/U(8)A) Qu(py) LT (N), where u¥ acts trivially on LT (X).

Proof. Since u N/ = ul LY (\) = AN/ = AL/ () = 0, the statements follow from
Theorem 7.7. a

Denote M (\) = Mx (\)/U(®)2vy. We have a chain of epimorphisms: My (\) —
M(X\) — M(X\) — Lx()\). Thus Lx()\) is the unique irreducible quotient of M(\)
and M7 (\) ~ M/(N).

Corollary 7.9. Let A € $*, A(c) = 0 and X is in general position. If N C M(\)
then N ~ (U(®)/U()A) Qu(py) N7, where ul; acts trivially on NI,

Proof. Follows from Corollary 7.8, (1). O

Corollary 7.10. Let pu, v € $*, pu(c) = v(c) = 0 and assume both p, v are in
general position

1. Home (V(1), N (1)) = Homg, (N7 (1), N ().

2. Home (M (), M (v)) =~ Homp (M (1), M7 (v)).

i
3. Modules M (u) and M( ) have local composition series and [M () : Lx (V)] =
(M () « LY (v)), [M(p) : Lx (v)] = [M7 () : L (v)].

Proof. Follows from Corollaries 7.8, 7.9 and the fact that both M/ (x) and M7 (p)
have local compositon series [13]. a

Corollary 7.11. Let p, v € 9%, pu(c) = v(c) = 0 and assume both p, v are in
general position. Then

1. Homg (]\:4(;0,]\7[(1/)) # 0 if and only if [M(v) : Lx(u)] # 0.

2. Home (M (1), M(v)) # 0 if and only if [M(v) : Lx(u)] # 0.
Proof. Since
Hoty, (M7 (1), M7 (v)) # 0 & [MY (v) : L ()] # 0
and
Homg (M7 (1), M (v)) # 0 & [MF (v) : LY ()] # 0

by [13] (Ch.2.11, Theorem 1), the statements follow from Corollary 7.10. |
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8. STRONG BGG RESOLUTION FOR MODULES M (o)

In this section we assume that X is connected, i.e. the corresponding Coxeter-
Dynkin diagram is connected, and thus &/ is the derived algebra of an affine Lie
algebra. Let 7/ be a basis of Af containing 7/ and \g € $* such that (\g,a) =0
for all @ € #f. Let Wx be the Weyl group of &7, ¢ be a length function and
sg denote the reflection corresponding to the root 8. For w and w’ in Wx we

write w « w’ if there exists a root 3 € AL N A" such that w = sgw’ and
l(w) = (w') + 1. The Bruhat order on Wx is defined by : w < w’ if w = w’ or if
there are wy, ... ,w, € Wx such that w = wy «— ... «— w, = w'.

For w € Wx and p € $*, define wo u = w(u + px) — px, where px € H* is any
fixed element such that px(a) =1 for all a € 7/.

Theorem 8.1 (cf. Theorem 5.2 in [3]). Let X be connected, Ao € H*, (Ao, ) =0
for all a € 7/ and w, w' € Wx. Then

dim Home (M (w' 0 Ao), M(wo X)) =1 < w' < w
& [M(woXo) : Lx(w' oXg)] #0.

Proof. Since Home (M (w' 0 Xg), M(w o \g)) ~ Homg, (M7 (w' o \o), M/ (w o \p))
by Corollary 7.10, (1) and [M(w o Xg) : Lx (w' 0 Ao)] = [M7(w o Xg) : LT (w' 0 A)]
by Corollary 7.10, (3), the statement follows from [14], Theorem 8.15. O

For any i € Z,, denote W)(;) = {w e Wx|l(w) =i} and set

Ci = @ M(U}O)\Q)
wGW)(;)

If w, w' € Wx we fix 0 # 44w (Ao) € Home (M (w' 0 Xg), M(woXg)). Let d; : C; —
Cj1,j = 1, defined by d; = @b, i (ho), w € WY, w € WI™V, where
by, .r € {£1} are defined by [14], Lemma 9.6 if w < w' and b}, ,, = 0 otherwise.

Theorem 8.2 (cf. Theorem 5.4 in [3]). Let X be connected, \g € H*, (Ao,a) =0
for all o € 7% and n : M(N\o) — Lx(X\o) be the canonical projection. Then the
sequence

LGB = CIBNI(\0) B Lx (M) — 0, (5 > 1)

s exact.

Proof. Follows from Corollary 7.8, (1), Corollary 7.10, (1) and Theorem 9.7 in
[14]. O

9. CATEGORY Ox ()

In this section, following [2], we define certain categories of &-modules, which
contain the Verma type modules and their irreducible quotients, and show that the
BGG duality holds in these categories.

Let A € $*, A(¢) = 0 and X be in general position. Consider the full subcategory
O7F(\) of the category of weight m-modules, whose objects V satisfy

L PV)C{unen | p<Ah

2. dimV,, < oo for all p € P(V).
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The category O7()) is stable under the operations of taking submodules, quo-
tients and finite direct sums. Note that for any p < A, the modules M/ (x) and
L’ () are objects of Of(\) and, moreover, the modules L7 (x) exhaust all irre-
ducible objects in Of()).

Recall that m has a triangular decomposition and thus all the results of [14],
sections 4-6, can be applied to the category O7()\). In particular, each module
L (i), o < A, has the indecomposable projective cover I(u) by [14], Corollary 4.13,
and I(p) has a Verma composition series: I(p) = Ip D I3 D ... D I; D 0, where
Li/Ligq ~ M7 (), ps < X\, i =0,...,¢ by [14], Corollary 4.10. We denote by
(I() : M/ (v)) the number of indices i in {0, ..., ¢} such that p; = v.

Theorem 9.1 (cf. [14], Theorem 6.4). Let u < X\ and v < X\. Then
(I(p) : M () = [M*(v) - L ()]

The main object of our study in this section is the category Ox()), the full

subcategory of the category of weight ®-modules V' such that

LPV)C{penH [A-—peQs}.

2. dimV, < oo forall u < A.

3. The module V is generated by V/ =37 _\ V..

4. _(7(\))v =0 for all v € V/.

Remark 9.2. 1. A similar category with A(c) # 0 was introduced and studied
for non-twisted affine algebras in [2], and in general in [3].

2. The modules M()\), M(\) and Lx(\) are objects of Dx (). Moreover, it
follows from Theorem 7.7 that any submodule N C M(\) belongs to O x ()
as well.

3. If X is not in general position, the category O x(\) may not be closed under
the operation of taking of submodules. For example, if (A\,a) =0 foralla € 7
and N is the maximal m-submodule of M7()), then M/()\)/N ~ C and any
®-submodule of M()\)/U(&)N is not an object of Ox () [7].

4. If N € Ox()) then N/ € O()).

Proposition 9.3. If V is an irreducible module in Ox(\), then V ~ Lx(u) for
some p < .

Proof. Let V be an irreducible module in Ox(A). Then V/ € Of()\) and V/ is
an irreducible m-module. Thus V/ ~ L/(u) for some p < . Since P(V) C {u €
H* | A\ —p € Q1}, we conclude that ukv =0 for all v € V7, and hence there exist
€ P(V) and a non-zero element v € VJ for which 8% v = 0. This implies that V/
is a homomorphic image of M(u), and thus V =~ Lx (). O

Proposition 9.4. The category O x(\) is closed under the operations of taking
submodules, quotients and finite direct sums.

Proof. The proof is based on Theorem 7.7, (1) and is analogous to the proof of
Corollary 6.6 in [3]. O

We will prove the equivalence of the categories O x(A\) and OF()) for A in general
position. Define an exact functor F : Ox(\) — O/ (\) by F(V) = V7 and F(f) =
flys forany V € Ox(A) and any f € Home (V, V') in Ox(A). Also define an exact
functor Y : 9F(\) — Ox()) as follows. Let M and M’ be the objects in 9 ()\) and
g € Homy, (M, M'). We can make M into a px-module with a trivial action of u%
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and consider a &-module Y (M) = (U(®)/U(6)&_(7(N))) Qu(px) M e Ox () and

Y (g9) = 1®g. By Corollary 7.9 we immediately conclude that Y o F(M(u)) =~ M ()
and FoY (M7 (u)) ~ Mf(u) for p < \.

Theorem 9.5. Let A € H*, M(¢) = 0 and X in general position. Then the categories
Ox(N) and OF(N\) are equivalent.

Proof. The proof is absolutely analogous to the proof of Theorem 6.7 in [3]. |

For i < X\ denote Ix(u) = Y (I(u)). Then Ix(u) is an indecomposable projective
cover for Lx(u) by Theorem 9.5, and it has a Verma composition series: Ix(u) D
IoDLD...DI D0, I;/Tixq ~ M), pi <X\, i=0,...,0 Let (Ix(u): M(v))
be the number of j’s such that p; = v.

Since any object of O7(\) has a local composition series [13], it follows from
Theorem 9.5 that any object V' € O x(\) has a local composition series, and

[V : Lx(1)] denotes the multiplicity of Lx(u) in V.

Theorem 9.6 (BGG duality). Let A € 9*, A(c) = 0, X in general position and
w< X\ v< A Then

(Ix(p) s M(v)) = [M(v) : Lx(u)]-

Proof. It follows from Theorems 9.5 and 9.1 that (Ix (u) : M(v)) = (I(p) : M7 (v))
— (M7 () : L (1) = [M(v) : Lx(p)]. 0

10. GENERALIZED VERMA TYPE MODULES OF LEVEL ZERO

Let X #1U0, S < af, X € §*, Ac) = 0 and \g is dominant integral. Set
2A = &_(7(A\)) and consider the ®-submodules Mg = U(8)(G_ @ 2A)(1 ® Vs(\))
and Mé = U(@)Q[(l & Vs()\)) of MX75(/\). Let Ms(x\) = MX,S(/\)/MS and
Ms(\) = Mx s(\)/M}. Then both Mg()\) and Ms()\) are weight &-modules with
the unique irreducible quotient Lx (), and one has the following chain of surjective
homomorphisms:

Ms ()
~ / \‘ ~
Mx(\) — M) Mg(A\) —  Lx(N).
N /
M(X)
Clearly, M%(X) ~ M g(A) and ML(X) ~ M{ o(N)/ (M g(A) N Ms).
Remark 10.1. If S = () then My(\) ~ M(\).

The next statement describes the structure of modules Mg(\) and Mg()\) with
A in general position.

Theorem 10.2. Let X #I1UD, S C 7/, \,p € H*, Mc) = u(c) =0, both X and p
in general position and both Ag and ps dominant integral.

1. If N C Mg()\) (resp. N C Ms(N)), then N is generated by N¥ and
N = (U(8/U(6)2) @upy) N,

where u¥} acts trivially on N/.
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2. Home (Ms(N), Ms (1)) =~ Homen (M, o(A). M4 (1),
Home (Ms(A), Ms () > Homg  (ME(N), M (). )

3. Both Ms(\) and MS()\) have local composition series, [Mg(\) : Lx(un)] =
(0% 50+ LA )] and (V) = L ()] = [VEL03) = 1 (1)

Proof. Let 7 : M(\) — Mg()\) (resp. #s : M(X\) — Mg()\)) be a natural epi-
morphism. There exists a submodule N € M()) (resp. N C M())) such that
7¢(N) = N (resp. #5(N) = N) and #(N') = N/ (resp. 7s(N¥) = Nf). Thus,
statement (1) follows from Corollary 7.8 and Corollary 7.9. Further, (1) implies
that Mg(\) (resp. Mg()\)) is generated by M')f{)s()\) (resp. Mg()\)), and hence (2)
and (3) follow. This completes the proof. O

Remark 10.3. Let X # TU(, S C «f, S is connected, \g € $H* and (\g,a) = 0
for all o € #f. Using [14], Theorem 9.12 and following [3], Theorem 5.7, one can
construct the generalized strong BGG resolution for modules Mg(Xg). We omit the
details.

11. “TRUNCATED” CATEGORIES Ox g(\,¢q)

Let X #1U®B, S <, AeH, Mc) =0and ¢ € Z,. Define ,QF =
{u:ZmaaeQi|a€7r,ma€Z+,Zma>q},H:{u6f)*|u—)\:
Zaeﬂ' Mo € Qf,ma € Z, (M - )‘)+ = Zma€Z+ maQ € Q-fk \q Q+}7 s = {M S
IT | pug is integral dominant}. Clearly, there is a one-to-one correspondence between
elements of TI° and irreducible finite-dimensional mg-modules V() with highest
weight p € II.

Consider the full subcategory Dg = Dg(/\,q) of the category of weight m-
modules, whose objects V' satisfy

1. dimV, < oo for all 4 € H*.

2. V is a direct sum of Vi (u)'s, p € 19 (cf. [14] and [3]).

The category Dg is stable under the operations of taking submodules, quotients
and finite direct sums. Note that M£75(u) and L/ (1) belong to Dg for all p € 117,
and the modules LY (1), u € 1%, exhaust all irreducible objects in Df

Fix p € II¥ and set Dx 5 = u} ¢ & Gy, U(Dx,s)™ ZU(DX s)a,a € Q,
v+a gl for all v € P(Vs(u)). Then A(p, S) = (U(Dx,s)/U(Dx,s)") ® Vs(p)
is a weight px s © G+-module where Dx s acts on the left and mg by the tensor
product action. Let A(p, S) =>" A(u, S),, v € H* \ I, and

A, S) = A(w, S)/U(px,s ® G1)A(w, S).

Then P%(u) = U(m) OU(px.s®C4) 2A(p, S) is a projective object in Dg. Again, by
[14], Corollary 4.13, there is a one-to-one correspondence between the irreducible
objects in Dé and the indecomposable direct summands of the P¥(u)’s, u € II°.
Let I°(u) be the indecomposable projective cover for L7 ().

By [14], Corollary 4.10, the module I° () has a generalized Verma composition
series, i.e. there exists a filtration I°(u) =Ip D I D ... D I; D 0 where I;/I;11 ~
M§75(Mi), p; € II%. Denote by (I°(u) : M)f(s(u)) the number of #’s such that
V= lj.
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Theorem 11.1 (cf. [14], Theorem 6.4). If u,v € 1%, then (I°(u) : M)f(s(l/)) =
(M 5(v) : L ()

Now suppose that A is in general position, and consider the full subcategory
Ox.s =9Dx.s(A q) of the category of weight &-modules V' such that
1. PV) CUpen{r € 9* | p—v e Q4 }.
2. dimV,, < oo for all p € II.
3. The module V is generated by V/ =37 V.
4. V¥ is a direct sum of Vs (u)’s, p € 11°.
5. &_(7(A)v =0 for all v e VI,
Remark 11.2. 1. If p € 1I°, then the modules Ms(u), Ms(p) and Lx(u) are
objects of the category Ox s.
2. If Ve Ox,5 then VI € O
3. If V € Dy, is irreducible then V ~ Lx(u) for some p € II¥. The proof is
analogous to the proof of Proposition 9.3.
4. The category Ox g is closed under the operations of taking submodules, quo-
tients and finite direct sums (cf. Proposition 3.4).

5. Ox0(\0) = Ox(N).

Theorem 11.3. Let A € $H*, A(c) = 0, A in general position and q € Z,. Then
the categories Ox,s(\,q) and Dg()\,q) are equivalent.

Proof. As in section 9 define exact functors F': Ox ¢ — D'g and Y : D'g —9Ox5s.
Then Y o F(Mg(p)) ~ Mg(p) and F o Y(M§7S(u)) o~ M;(’S(u) for all pu € 1% by

Theorem 10.2. Moreover, F' and Y establish an equivalence of O x ¢ and Dé. The
proof follows the proof of Theorem 6.7 in [3]. |

For p € TI° let I (u) = Y (IS(i)). Then I (i) is an indecomposable projective
cover for Lx(p) in Ox ¢ by Theorem 11.3, and it has a generalized Verma com-
position series with factors Ms(u;), i € II°. Denote by [I3(n) : Ms(v)] the
multiplicity of Mg(v) in a generalized Verma composition series for I5 (1) and by
(Ms(v) : Lx(p)) the multiplicity of Lx (1) in a local composition series for Mg(v).

Theorem 11.4 (BGG duality). If \ is in general position and u,v € 1%, then
(I3 () - Ms(v)] = (Ms(v) : Lx(n))-
Proof. Follows from Theorems 11.3 and 11.1. O

12. SOME SUBCATEGORIES OF Ox s(\, )

Consider the full subcategory @g = Dg()\,q) C Dg()\,q) consisting of m-
modules V' such that Gv = 0 for all v € V, and the full subcategory Ox s =
Ox.5(\,q) C Dx.s(N, q) consisting of G-modules M such that Mf € Dg. Obvi-
ously, Mg(u) and Lx (p) are objects of Ox.g for any p € ITS.

Let p € II°. If we replace G4 by G in the construction of P®(u) we obtain
a projective module P () in Dg, whose indecomposable summands exhaust all
indecomposable projectives in 9%. Let I°(u) be the indecomposable projective
cover for LY ().



VERMA TYPE MODULES OF LEVEL ZERO 2685

Since F(M) € Dg for any M € Ox,s and Y(N) € Ox,g for any N € ﬁé, the
functors F and Y induce the exact functors F : Ox s — Of and ¥ : Of — Ox .
Denote I3 (1) = Y (I°(u)), the indecomposable projective cover for Lx (i) in O x s.

Theorem 12.1. Let p,v € TI5(), q).
L I8 : M3 ()] = (ME () : LY (). ) )
2. If X\ is in general position, then the categories Ox g and Dg are equivalent.
3. If X is in general position, then

IR (1) : Ms(v)] = (Ms(v) : Lx (n)).

Proof. The proof of (1) follows the general lines of [14], Theorem 6.4; the proof of
(2) is analogous to the proof of Theorem 6.7 in [3]; and (3) follows from (1) and
(2). O
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